Abstract. We study R-covered foliations of 3-manifolds from the point of view of their transverse geometry. Roughly speaking, we can classify R-covered foliations according to the extent to which leaves converge or diverge at infinity in the universal cover. There are a number of fine distinctions that one can make in the quality of this convergence or divergence, and the various qualities have precise geometric consequences for the ambient manifold M of the foliation. In particular, we are able to show that, after possibly blowing down some regions, an R covered foliation of a closed 3-manifold is uniform, is the suspension foliation of an Anosov automorphism of a torus, contains some semi-confined direction, or is ruffled. We conjecture that blown down foliations with semi-confined directions cannot occur.
1
univ × R on which π1(M ) acts by elements of Homeo(S 1 ) × Homeo(R), where the S 1 factor is canonically identified with the circle at infinity of each leaf of F. For atoroidal M , by studying the action of π1(M ) on this universal circle, we construct a pair of genuine laminations transverse to F whose complementary regions are solid tori bounded by finitely many leaves. Using this structure, we show that some element of π1(M ) must act on the leaf space of the pullback foliation to the universal cover without fixed points. Moreover, π1(M ) acts on M by elements of Homeo(R 2 ) × Homeo(R). A corollary of the existence of this structure is that the underlying manifold M is homotopy rigid in the sense that a self-homeomorphism homotopic to the identity is isotopic to the identity. Furthermore, we show that the product structures at infinity are rigid under deformations of the foliation F through R-covered foliations, in the sense that the representations of π1(M ) in Homeo((S 1 univ )t) are all conjugate for a family parameterized by t.
Finally we speculate on connections between these results and the general problem of geometrizing a 3-manifold with an R-covered foliation.
Introduction
The success of the work of Barbot and Fenley [9] in classifying R-covered Anosov flows on 3-manifolds, and the recent announcement by Thurston of a strategy to show that 3-manifolds admitting uniform R-covered foliations are geometric suggests that the idea of studying foliations via their transverse geometry is a fruitful one. The tangential geometry of foliations can be controlled by powerful theorems of Cantwell and Conlon [1] and Candel [3] which establish that an atoroidal irreducible 3-manifold with a codimension one taut foliation can be given a metric in which the induced metrics on the leaves make every leaf locally isometric to hyperbolic space.
A foliation of a 3-manifold is R-covered if the pullback foliation of the universal cover is the standard foliation of R 3 by horizontal R 2 's. This topological condition has geometric consequences for leaves of F; in particular, leaves are uniformly properly embedded in the universal cover. This leads us to the notion of a confined leaf. A leaf λ in the pullback foliation of the universal cover M is confined when some δ-neighborhood of λ entirely contains other leaves.
The basic fact we prove about confined leaves is that the confinement condition is symmetric for R-covered foliations. Using this symmetry condition, we can show that an R-covered foliation can be blown down to a foliation which either slithers over S 1 or has no confined leaves. This leads to the following corollary:
Corollary 2.4.2 If F is a nonuniform R-covered foliation then after blowing down some regions we get an R-covered foliation F ′ such that for any two intervals I, J ⊂ L, the leaf space of F ′ , there is an α ∈ π 1 (M ) with α(I) ⊂ J.
A more refined notion for leaves which are not confined is that of a confined direction, specifically a point at infinity on a leaf such that the holonomy of some transversal is bounded along every path limiting to that point.
A further refinement is a weakly confined direction, which is a point at infinity on a leaf such that the holonomy of some transversal is bounded along a quasigeodesic path approaching that point. Thurston shows in [27] that the existence of nontrivial harmonic transverse measures imply that with probability one, a random walk on a leaf will have bounded holonomy for some transversal. For general R-covered foliations, we show that these weakly confined directions allow one to construct a natural cylinder at infinity C ∞ foliated by the circles at infinity of each leaf, and prove the following structure theorem for this cylinder. 
M ) acts by homeomorphisms on this cylinder preserving both foliations
In the course of the proof of this theorem, we need to treat in detail the case that there is an invariant spine in C ∞ -that is, a bi-infinite curve intersecting every circle at infinity exactly once, which is invariant under the action of π 1 (M ). In this case, our results can be made to actually characterize the foliation F and the ambient manifold M , at least up to isotopy:
Theorem 4.7.2 If C ∞ contains a spine Ψ and F is R-covered but not uniform, then M is a Solvmanifold and F is the suspension foliation of the stable or unstable foliation of an Anosov automorphism of a torus.
Following an outline of Thurston in [29] we study the action of π 1 (M ) on this universal circle and for M atoroidal we construct a pair of genuine laminations transverse to the foliation which describes its lack of uniform quasi-symmetry. More precisely, we show • The complementary regions to Λ ± are ideal polygon bundles over S 1 .
• Each Λ ± is transverse to F and intersects F in geodesics.
• Λ + and Λ − are transverse to each other, and bind each leaf of F, in the sense that in the universal cover, they decompose each leaf into a union of compact finite-sided polygons.
If M is not atoroidal but F has hyperbolic leaves, there is a regulating essential torus transverse to F.
Finally we show that the construction of the pair of essential laminations Λ ± above is rigid in the sense that for a family of R-covered foliations parameterized by t, the representations of π 1 (M ) in Homeo((S 1 univ ) t ) are all conjugate. This follows from the general fact that for an R-covered foliation which is not uniform, any embedded π 1 (M )-invariant collection of transversals at infinity is contained in the fibers of the projection C ∞ → S 1 univ . It actually follows that the laminations Λ ± do not depend (up to isotopy) on the underlying R-covered foliation by means of which they were constructed, but reflect somehow some more meaningful underlying geometry of M . Corollary 5.3.9 Let F t be a family of ruffled R-covered foliations of an atoroidal M . Then the action of π 1 (M ) on (S 1 univ ) t is independent of t, up to conjugacy. Moreover, the laminations Λ This paper is foundational in nature, and can be seen as part of Thurston's general program to extend the geometrization theorem for Haken manifolds to all 3-manifolds admitting taut foliations, or more generally, essential laminations. The structures defined in this paper allow one to set up a dynamical system, analogous to the dynamical system used in Thurston's proof of geometrization for surface bundles over S 1 , which we hope to use in a future paper to show that 3-manifolds admitting R-covered foliations are geometric. Some of this picture is speculative at the time of this writing and it remains to be seen whether key results from the theory of quasiFuchsian surface groups -e.g. Thurston's double limit theorem -can be generalized to our context. However, the rigidity result for actions on S 1 univ is evidence for this general conjecture. For, one expects by analogy with the geometrization theorem for surface bundles over a circle, that the sphere at infinity S 2 ∞ ( M ) of the universal cover M is obtained from the universal circle S 1 univ as a quotient. Since the action on this sphere at infinity is independent of the foliation, we expect the action on S 1 univ to be rigid too, and this is indeed the case.
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1.1. Notation. Throughout this paper, M will always denote a closed orientable 3-manifold, M its universal cover, F a codimension 1 co-orientable R-covered foliation and F its pullback foliation to the universal cover. M will be atoroidal unless we explicitly say otherwise. L will always denote the leaf space of F, which is homeomorphic to R. We will frequently confuse π 1 (M ) with its image in Homeo(L) = Homeo(R) under the holonomy representation. We denote by φ v : M → L the canonical projection to the leaf space of F .
Confined leaves
2.1. Uniform foliations and slitherings. Definition 2.1.1. Let F be a taut foliation of a 3-manifold M . Let F denote the foliation of the universal cover M induced by pullback. F is R-covered iff F is the standard foliation of R 3 by horizontal R 2 's.
In what follows, we assume that all foliations are oriented and co-oriented. Note that this is not a significant restriction, since we can always achieve this condition by passing to a double cover. Moreover, the results that we prove are all preserved under finite covers. This co-orientation induces an invariant orientation and hence a total ordering on L. For λ, µ leaves of L, we denote this ordering by λ > µ.
The following theorem is found in [3] : By analogy with the usual Gauss-Bonnet formula, the Euler characteristic of an invariant transverse measure can be defined as follows: for a foliation of M by Riemann surfaces, there is a leafwise 2-form which is just the curvature form. The product of this with a transverse measure can be integrated over M to give a real number -the Euler characteristic (see [3] and [5] for details).
For M an aspherical and atoroidal 3-manifold, every invariant transverse measure on a taut foliation F has negative Euler characteristic. Consequently we may assume in the sequel that we have chosen a metric on M for which every leaf of F has constant curvature −1.
The following definitions are from [26] . A slithering induces a foliation of M by the connected components of preimages of points in S 1 under the slithering map, and when M = R 3 and the leaves of the components of these preimages are planes, this foliation descends to an R-covered foliation of M .
By compactness of M and S 1 , it is clear that the leaves of F stay within bounded neighborhoods of each other for a foliation obtained from a slithering. That is, such a foliation is uniform. Thurston proves the following theorem in [26] : In [26] , Thurston actually conjectured that for atoroidal M , every Rcovered foliation should be uniform. However, this conjecture is false and in [2] we construct many examples of R-covered foliations of hyperbolic 3-manifolds which are not uniform.
2.2.
Symmetry of the confinement condition. We make the following Clearly, this definition is independent of the choice of metric on M with respect to which these neighborhoods are defined.
Observe that we can make the definition of a confined leaf for any taut foliation, not just for R-covered foliations. However, in the presence of branching, the neighborhood U of a leaf λ ∈ L will often not be homeomorphic to an interval. Lemma 2.2.1. Leaves of F are uniformly proper; that is, there is a function f : (0, ∞) → (0, ∞) where f (t) → ∞ as t → ∞ such that for each leaf λ of L, any two points p, q which are a distance t apart in M are at most a distance f (t) apart in λ.
Proof: Suppose to the contrary that we have a sequence of points p i , q i at distance t apart in M which are contained in leaves λ i where the leafwise distances between p i and q i goes to ∞. After translating by some elements α i of π 1 (M ), we can assume that some subsequence of p i , q i converge to p, q in M which are distance t apart. Since the leaf space L is R, and in particular is Hausdorff, p and q must lie on the same leaf λ, and their leafwise distance is t < ∞. It follows that the limit of the leafwise distances between p i and q i is t, and therefore they are bounded, contrary to assumption. Proof: Let r : N δ (λ) → λ be a (non-continuous) retraction which moves each point to one of the points in λ closest to it. Then if p, q ∈ N δ (λ) are distance 1 apart, r(p) and r(q) are distance at most 2δ + 1 apart in N δ (λ), and therefore there is a t such that they are at most distance t apart in λ, by lemma 2.2.1. Since N δ (λ) is a path metric space, any two points p, q can be joined by a sequence of arcs of length 1 whose union has length which differs from d(p, q) by some uniformly bounded amount. It follows that the distance in λ between r(p) and r(q) is at most td(p, q) + constant.
Proof: Let d(p, q) denote the distance in M between points p, q. For a point p ∈ M let λ p denote the leaf in F passing through p. We assume that δ as in the theorem has been already fixed. Let B(p) denote the ball of radius δ around p in λ p . For each leaf λ ′ , let C λ ′ (p) denote the convex hull in λ ′ of the set of points at distance ≤ δ in M from some q ∈ B(p). Let
Then d(p) and s(p) are well-defined and finite for every p. For, if m i , n i are a pair of points on a leaf λ i at distance δ i from p converging to m, n at distance δ from p, then the hypothesis that our foliation is R-covered implies that m, n are on the same leaf, and the leafwise distances between m i and n i converge to the leafwise distance between m and n.
More explicitly, we can take a homeomorphism from B ⊂M to some region of R 3 and consider for each leaf in the image, the convex hull of its intersection with B. Since B is contained in a compact region of R 3 , there is a continuous family of isometries of the leaves in question to H 2 such that the intersections with B form a compact family of compact subsets of H 2 . It follows that their convex hulls form a compact family of compact subsets of H 2 and hence their diameters are uniformly bounded.
It is clear from the construction that d(p) and s(p) are upper semicontinuous. Moreover, their values depend only on π(p) ∈ M where π : M → M is the covering projection. Hence they are uniformly bounded by two numbers which we denote d and s.
In particular, the set C ⊂ λ defined by
is contained in N d (µ). The hypothesis that µ ⊂ N δ (λ) implies that C(p) is nonempty for any p. In fact, for some collection p i of points in µ,
Moreover, the boundedness of s implies that for p, q sufficiently far apart in µ, C λ (p) ∩ C λ (q) = ∅. For, the condition that C λ (p) ∩ C λ (q) = ∅ implies that d(p, q) ≤ 2s + 2d in M . By lemma 2.2.1, there is a uniform bound on the distance between p and q in µ.
Hence there is a map from the nerve of a locally finite covering by B(p i ) of µ for some collection of points p i to the nerve of a locally finite covering of some subset of C by C λ (p i ). We claim that this subset, and hence C, is a net in λ.
Observe that the map taking p to the center of C λ (p) is a coarse quasiisometry from µ to C with its path metric. For, since the diameter of C λ (p) is uniformly bounded independently of p, and since a connected chain of small disks in µ corresponds to a connected chain of small disks in C, the map cannot expand distances too much. Conversely, since C is contained in the ǫ-neighborhood of µ, paths in C can be approximated by paths in µ of the same length, up to a bounded factor.
It follows by a theorem of Farb and Schwartz in [7] that the map from µ to λ sending p to the center of C λ (p) is coarsely onto, as promised.
But now every point in λ is within a uniformly bounded distance from C, and therefore from µ, so that there exists a δ ′ with λ ⊂ N δ ′ (µ).
Remark 2.2.1. Notice that this theorem depends vitally upon lemma 2.2.1. In particular, taut foliations which are not R-covered do not lift to foliations with uniformly properly embedded leaves, and the symmetry of the confinement condition does not hold for them. 
Proof:
Since any two points in the leaf space are joined by a finite chain of open intervals of confinement, the previous lemma shows that the corresponding leaves are both contained in bounded neighborhoods of each other. This establishes the theorem. 
Recall that we assume that F is co-oriented, so that, every element of π 1 (M ) acts by an orientation-preserving homeomorphism of the leaf space L.
Suppose there is some λ whose images under π 1 (M ) are bounded in some direction, say without loss of generality, the "positive" direction. Then λ is fixed by every element of π 1 (M ). Since F is taut, λ = R 2 and therefore λ/π 1 (M ) is a K(π 1 (M ), 1) and is therefore homotopy equivalent to M . This is absurd since M is 3-dimensional.
We remark that for foliations which are not taut, but for which the leaf space of F is homeomorphic to R, this lemma need not hold. For example, the foliation of R 3 − {0} by horizontal planes descends to a foliation on S 2 × S 1 by the quotient q → 2q. In fact, no leaf goes off to infinity in both directions under the action of π 1 (M ) = Z on the leaf space R, since the single annulus leaf in F is invariant under the whole group. Proof: Suppose for some r that the side of M above λ p contains no ball of radius r. Then every leaf above λ p , and therefore every leaf, is confined. It follows that F is uniform. But in a uniform foliation, there are pairs of leaves in L which never come closer than t to each other, for any t. This gives a contradiction.
Once we know that every leaf has some ball centered at any point, the compactness of M implies that we can find an s which works for balls centered at any point. 1. µ is semi-confined on the positive side.
For any λ > µ and any leaf
Remark 2.3.1. To see that the two conditions are mutually exclusive, observe that if they both hold then every leaf on one side of µ can be mapped into the semi-confined interval in L, and therefore every leaf on that side of µ is confined. Since translates of µ go off to infinity in either direction, every leaf is confined and the foliation is uniform. Since such foliations slither over S 1 (after possibly being blown down), the leaf space cannot be arbitrarily compressed by the action of π 1 (M ). In particular, leaves in the same fiber of the slithering over S 1 and differing by n periods, say, cannot be translated by any α to lie between leaves in the same fiber which differ by m periods for m < n. 
Proof:
If λ is in the δ-neighborhood of µ, µ is semi-confined and we are done. So suppose λ is not in the δ-neighborhood of µ for any δ.
By hypothesis therefore, µ ′ is not in the δ-neighborhood of µ, and conversely µ is not in the δ-neighborhood of µ ′ , for any δ.
Let p ∈ µ, q ∈ λ be two points. Then d(p, q) = t. For r = t + diam(M ) we know that there is a s such that any ball of radius s about a point p contains a ball of radius r on either side of λ p . Pick a point p ′ ∈ µ which is distance at least s from µ ′ . Then there is a ball B of radius r between µ and µ ′ in the ball of radius s about p. It follows that there is an α such that α(p) and α(q) are both in B. This α has the properties we want.
Blowing down leaves.
Definition 2.4.1. For λ a confined leaf, the umbra of λ, denoted U(λ), is the subset of leaves in L containing such that every leaf in U(λ) is contained in a bounded neighborhood of λ.
Notice that if µ ∈ U(λ) then U(µ) = U(λ). Moreover, U(λ) is closed for any λ. To see this, let µ be a hypothetical leaf in U(λ) − U(λ). If µ is semi-confined on the side containing λ, then U(µ) ∩ U(λ) is nonempty, and therefore U(µ) = U(λ) so that certainly µ ∈ U(λ). Otherwise, µ is not semiconfined on that side and theorem 2.3.3 implies that there is an α taking [λ, µ] inside U(λ). But then U(λ) = U(α(λ)), so that U(λ) = α −1 (U(λ)) and µ ∈ U(λ) after all.
In fact, if α(U(λ)) ∩ U(λ) = ∅ for some α ∈ π 1 (M ) then α(U(λ)) = U(λ), and in particular, α must fix every leaf in ∂U(λ). Hence the set of elements in π 1 (M ) which do not translate U(λ) off itself is a group.
We show in the following theorem that for an R-covered foliation which is not uniform, the confined leaves do not carry any of the essential topology of the foliation. 
Proof:
Fix some confined leaf λ, and let G λ denote the subgroup of π 1 (M ) which fixes U(λ). The assumption that F is not uniform implies that some leaves are not confined, and therefore U(λ) is a compact interval. Then G λ acts properly discontinuously on the topological space R 2 × I, and we claim that this action is conjugate to an action which preserves each horizontal R 2 .
This will be obvious if we can show that the action of G λ on the top and bottom leaves λ u and λ l are conjugate.
Observe that λ u and λ l are contained in bounded neighborhoods of each other, and therefore by lemma 2.2.2 any choice of nearest point map between λ u and λ l is a coarse quasi-isometry. Moreover, such a map can be chosen to be G λ -equivariant. This map gives an exact conjugacy between the actions of G λ on their ideal boundaries S 1 ∞ (λ u ) and S 1 ∞ (λ l ). Since each of λ u , λ l is isometric to H 2 and the actions are by isometries, it follows that G λ is a torsion-free Fuchsian group.
Since every µ ∈ U(λ) in isometric to H 2 , and since every choice of closestpoint map from µ to λ u is a quasi-isometry, we can identify each S 1 ∞ (µ) canonically and G λ -equivariantly with S 1 ∞ (λ u ). Let F = λ u /G λ be the quotient surface. Then we can find an ideal triangulation of the convex hull of F and for each boundary component of the convex hull, triangulate the complementary cylinder with ideal triangles in some fixed way. This triangulation lifts to an ideal triangulation of λ u . Identifying S 1 ∞ (λ u ) canonically with S 1 ∞ (µ) for each µ, we can transport this ideal triangulation to an ideal triangulation of each µ. The edges of the triangulation sweep out infinite strips I × R transverse to F and decompose the slab of leaves corresponding to U(λ) into a union of ideal triangle × I. Since G λ acts on these blocks by permutation, we can replace the foliation F of the slab with a foliation on which G λ acts trivially.
We can transport this action on the total space of U(λ) to actions on the total space of U(α(λ)) wherever it is different. Range over all equivalence classes under π 1 (M ) of all such U(λ), modifying the action as described. Now the construction implies that π 1 (M ) acts on L/ ∼ where µ ∼ λ if µ ∈ U(λ). It is straightforward to check that L/ ∼ ∼ = R. Moreover, the total space of each U(λ) can be collapsed by collapsing each ideal triangle × I to an ideal triangle. The quotient gives a new R 3 foliated by horizontal R 2 's on which π 1 (M ) still acts properly discontinuously. The quotient M = (R 3 / ∼)/π 1 (M ) is actually homeomorphic to M by the following construction: consider a covering ofM by convex open balls, and lift this to an equivariant covering of R 3 / ∼. This pulls back under the quotient map to an equivariant covering of R 3 by convex balls, which project to give a covering of M by convex balls. By construction, the coverings are combinatorially equivalent, so M is homeomorphic toM .
By construction, every leaf is a limit under π 1 (M ) of every other leaf, so by theorem 2.3.3, no leaf is confined with respect to any metric on M . The induced foliation on M is F ′ , and the construction shows that F can be obtained from F ′ as required in the statement of the theorem.
Corollary 2.4.2. If F is a nonuniform R-covered foliation then after blowing down some regions we get an
In the sequel we will assume that all our R-covered foliations have no confined leaves; i.e. they satisfy the hypothesis of the preceding corollary.
3. The cylinder at infinity 3.1. Constructing a topology at infinity. Each leaf λ of F is isometric to H 2 , and therefore has an ideal boundary S 1 ∞ (λ). We define a natural topology on λ∈L S 1 ∞ (λ) with respect to which it is homeomorphic to a cylinder.
Let U T F denote the unit tangent bundle to F. This is a circle bundle over M which lifts the circle bundle U T F over M . Let τ be a small transversal to F and consider the cylinder C which is the restriction U T F| τ . There is a canonical map
defined as follows. For v ∈ U T x F where x ∈ λ, there is a unique infinite geodesic ray γ v in λ starting at x and pointing in the direction v. This ray determines a unique point π τ (v) ∈ S 1 ∞ (λ). The restriction of π τ to U T x F for any x ∈ τ is obviously a homeomorphism. We define the topology on λ∈L S 1 ∞ (λ) by requiring that π τ be a homeomorphism, for each τ . Lemma 3.1.1. The topology on λ∈L S 1 ∞ defined by the maps π τ is welldefined. With respect to this topology, this union of circles is homeomorphic to a cylinder C ∞ .
Proof: All that needs to be checked is that for two transversals τ, σ with
For ease of notation, we refer to the two circle bundles as C τ and C σ and π −1 σ π τ as f . Then each of C τ and C σ is foliated by circles, and furthermore f is a homeomorphism when restricted to any of these circles. For a given leaf λ intersecting τ and σ at t and s respectively, f takes a geodesic ray through t to the unique geodesic ray through s asymptotic to it.
It suffices to show that if v i , w i are two sequences in C τ , C σ with v i → v and w i → w with w i = f (v i ) that w = f (v). The Riemannian metrics on leaves of F vary continuously as one moves from leaf to leaf, with respect to some local product structure. It follows that the γ v i converge geometrically on compact subsets of M to γ v . Furthermore, the γ w i are asymptotic to the γ v i so that they converge geometrically to a ray asymptotic to γ v . This limiting ray is a limit of geodesics and must therefore be geodesic and hence equal to γ w .
The group π 1 (M ) obviously acts on C ∞ by homeomorphisms. We refer to C ∞ as the cylinder at infinity of F. It carries a canonical foliation by circles which we refer to as the horizontal foliation.
3.2.
Weakly confined directions.
It follows from the definition that if p is weakly confined, the quasigeodesic rays H(µ × R + ) limit to unique points p µ ∈ S 1 ∞ (µ) which are themselves weakly confined, and the map µ → p µ is a continuous map from [λ − , λ + ] to C ∞ which is transverse to the horizontal foliation. If p is a weakly confined direction, let τ p ⊂ C ∞ be the maximal transversal through p constructed by this method. Then we call τ p a weakly confined transversal, and we denote the collection of all such weakly confined transversals by T . 
Proof:
If F is uniform, any two leaves of F are a bounded distance apart, so there are uniform quasi-isometries between any two leaves which move points a bounded distance. In this case, every point at infinity is weakly confined.
If F is not uniform and is minimal, for any λ, λ ′ leaves of F choose some transversal τ between λ and λ ′ . Then there is an α ∈ π 1 (M ) such that φ v (τ ) is properly contained in α(φ v (τ )). It follows that we can find a square S : I × I → M such that S(I, 0) = τ , S(I, 1) ⊂ α(τ ) and each S(t, I) is contained in some leaf. The union of squares S ∪ α(S) ∪ α 2 (S) ∪ . . . contains the image of an infinite strip I × R + where the I × t factors have a uniformly bounded diameter.
The square S descends to an immersed, foliated mapping torus in M which is topologically a cylinder. Let γ be the core of the cylinder. Then γ is homotopically essential, so it lifts to a quasigeodesic in M . Since the strip I × R + stays near the lift of this core, it is quasigeodesically embedded in M , and therefore its intersections with leaves of F are quasigeodesically embedded in those leaves. It limits therefore to a weakly confined transversal in C ∞ .
To see that confined transversals do not intersect, suppose α, β are two confined transversals that intersect at p ∈ S 1 ∞ (λ). Then there are two infinite quasigeodesic strips A : I × R + → M and B : I × R + → M guaranteed by the definition of a confined transversal. Let µ ∈ I be such that A(µ × R + ) does not limit to the same point in
But the uniform thickness of the strips implies that A(µ × R + ) is a bounded distance in M from A(λ × R + ) and therefore from B(λ × R + ) and consequently B(µ × R + ). But then by lemma 2.2.1 the two rays in µ limit to the same point in S 1 ∞ (µ), contrary to assumption. It follows that weakly confined transverals do not intersect.
In [27] Thurston proves the following theorem:
. For a general taut foliation F, a random walk γ on a leaf λ of F converging to some p ∈ C ∞ stays a bounded distance from some nearby leaves λ ± in F , with probability 1, and moreover, also with probability 1, there is an exhaustion of γ by compact sets such that outside these sets, the distance between γ and λ ± converges to 0.
It is possible but technically more difficult to develop the theory of weakly confined directions using random walks instead of quasigeodesics as suggested in [25] , and this was our inspiration.
Harmonic measures.
Following [17] we define a harmonic measure for a foliation. This theorem is conceptually easy to prove: observe that the probability measures on a compact space are a convex set. The leafwise diffusion operator gives a map from this convex set to itself, which map must therefore have a fixed point. There is some analysis involved in making this more rigorous.
Using the existence of harmonic measures for foliations, we can analyze
Then either U is empty, or it is dense and omits at most one point at infinity in a set of leaves of measure 1.
Proof:
Let λ be a leaf of F such that S 1 ∞ (λ) intersects U , and consequently intersects it in some open set. Then all leaves µ sufficiently close to λ have S 1 ∞ (µ) intersect U , and therefore since leaves of F are dense, U intersects every circle at infinity in an open set.
For a point p ∈ λ, define a function θ(p) to be the maximum of the visual angles at p of intervals in S 1 ∞ (λ) ∩ U . This function is continuous as p varies in λ, and lower semi-continuous as p varies through M . Moreover, it only depends on the projection of p to M . It therefore attains a minimum θ 0 somewhere, which must be > 0. This implies that U ∩S 1 ∞ (λ) has full measure in S 1 ∞ (λ), since otherwise by taking a sequence of points p i ∈ λ approaching a point of density in the complement, we could make θ(p i ) → 0.
Similarly, the supremum of θ is 2π, since if we pick a sequence p i converging to a point p in U ∩ S 1 ∞ , the interval containing p will take up more and more of the visual angle.
Let θ i be the time i leafwise diffusion of θ. Then each θ i is C ∞ on each leaf, and is measurable since θ is, by a result in [17] . Definê
Thenθ satisfies the following properties:
•θ is a bounded measurable function on M which is C ∞ in every leaf.
• ∆ Fθ ≥ 0 for every point in every leaf, with equality holding at some point in a leaf iff θ = 2π identically in that leaf. To see the second property, observe that ∆ F θ = 0 everywhere except at points where there at least two subintervals of U of largest size. For, elsewhere θ agrees with the harmonic extension to H 2 = λ of a function whose value is 1 on a subinterval of the boundary and 0 elsewhere. In particular, elsewhere θ is harmonic. Moreover, at points where there are many largest subintervals of U , ∆ F θ is a positive distributional function -that is, the "superharmonicity" of θ is concentrated at these points. In particular, ∆ Fθ ≥ 0 and it is = 0 iff there are no points in λ where there are more than one largest visual subinterval of U . But this occurs only when U omits at most 1 point from S 1 ∞ (λ). Now theorem 3.3.1 implies that ∆ Fθ = 0 for the support of any harmonic measure m, and therefore that θ = 2π for every point in any leaf which intersects the support of m.
Garnett actually shows in [17] that any harmonic measure disintegrates locally into the product of some harmonic multiple of leafwise Riemannian measure with a transverse invariant measure on the local leaf space. When every leaf is dense, as in our situation, the transverse measure is in the Lebesgue measure class. Hence in fact we can conclude that θ = 2π for a.e. leaf in the Lebesgue sense.
Note that there was no assumption in this theorem that F contain no confined leaves, and therefore it applies equally well to uniform foliations with every leaf dense. In fact, for some uniform foliations, there are open invariant sets at infinity which omit exactly one point from each circle at infinity.
Confined directions
4.1. Suspension foliations. Let ψ : T 2 → T 2 be an Anosov automorphism. i.e. in terms of a basis for H 1 (T 2 ) the map ψ is given by an element of SL(2, Z) with trace > 2. Then ψ leaves invariant a pair of foliations of T 2 by those lines parallel to the eigenspaces of the action of ψ on R 2 . These foliations suspend to two transverse foliations of the mapping torus
which we call the stable and unstable foliation F s and F u of M . There is a flow of M given by the vector field tangent to the I direction in the description above, and with respect to the metric on M making it a Solvmanifold, this is an Anosov flow, and F s and F u are the stable and unstable foliations of this flow respectively. In particular, the leaves of the foliation F u converge in the direction of the flow, and the leaves of the foliation F s diverge in the direction of the flow. Both foliations are R-covered, being the suspension of R-covered foliations of T 2 . Moreover, no leaf of either foliation is confined. To see this, observe that integral curves of the stable and unstable directions are horocycles with respect to the hyperbolic metric on each leaf. Since each leaf is quasigeodesically (in fact, geodesically) embedded in M , it can be seen that the leaves themselves, and not just the integral curves between them, diverge in the appropriate direction.
With respect to the Solv geometric structure on M , every leaf is intrinsically isometric to H 2 . One can see that every geodesic on a leaf of F s which is not an integral curve of the Anosov flow will eventually curve away from that flow to point asymptotically in the direction exactly opposite to the That is to say, leaves of F s converge at infinity in every direction except for the direction of the flow; similarly, leaves of F u converge at infinity in every direction except for the direction opposite to the flow. These are the prototypical examples of R-covered foliations which have no confined leaves, but which have many confined directions (to be defined below).
Confined directions.
Recapitulating notation: throughout this section we fix a 3-manifold M , an R-covered foliation F with no confined leaves, and a metric on M with respect to which each leaf of F is isometric to H 2 . We fix L ∼ = R the leaf space of F and the projection φ v :M → L. Each leaf of F can be compactified by the usual circle at infinity of hyperbolic space; we denote the circle at infinity of a leaf λ by S 1 ∞ (λ). We let U T F denote the unit tangent bundle to the foliation, and U T λ the unit tangent bundle of each leaf λ. Definition 4.2.1. For λ a leaf ofF, we say a p a point in S 1 ∞ (λ) is a confined point if for every sequence p i ∈ λ limiting only to p, there is an interval I ⊂ L containing λ in its interior and a sequence of transversals τ i projecting homeomorphically to I under φ whose lengths are uniformly bounded. That is, there is some uniform t such that τ i ≤ t. Equivalently, there is a neighborhood I of λ in L with endpoints λ ± such that every sequence p i as above is contained in a bounded neighborhood of both λ + and λ − . If p is not confined, we say it is unconfined. Remark 4.2.1. A point may certainly be unconfined and yet weakly confined. Definition 4.2.2. For a point p ∈ S 1 ∞ (λ) which is unconfined, a certificate for p is a sequence of points p i ∈ λ limiting only to p such that for any I ⊂ L containing λ in its interior and a sequence of transversals τ i projecting homeomorphically to I under φ, the lengths τ i are unbounded. Equivalently, there are a sequence of leaves λ i → λ such that for any i, the sequence p j does not stay within a bounded distance from λ i . By definition, every unconfined point has a certificate.
For a simply connected leaf, holonomy transport is independent of the path between endpoints. The transversals τ i defined above are obtained from τ 1 by holonomy transport. • The point
such that there exists t > 0 and an interval I ⊂ L containing λ in its interior such that for any properly embedded (topological) ray γ : R + → λ whose image is contained in U , there is a proper map H : R + × I →M such that φ • H(x, s) = s for all s, H| R + ×λ = γ and H(x, I) ≤ t for all x.
Proof:
It is clear that the third condition implies the first. Suppose there were a sequence of unconfined points p i ∈ S 1 ∞ converging to p. Let p i,j be a certificate for p i . Then we can find integers n i so that p i,n i is a certificate for p. It follows that the first condition implies the second. In fact, this argument shows that p is confined iff there is a neighborhood U of p in λ ∪ S 1 ∞ (λ) and a neighborhood I of λ in L with endpoint λ ± such that U is contained in a bounded neighborhood of both λ + and λ − .
Assume we have such a neighborhood U of p and I of λ, and assume that U ⊂ N ǫ (λ + ) ∩ N ǫ (λ − ). Let γ : R + → U ∩ λ be a properly embedded ray and let x i be a sequence of points so that γ(x i ) is an ǫ net for the image of γ. Then there is a sequence of transversals τ i of length bounded by d(ǫ) with φ(τ i ) = I passing through γ(x i ). Since τ i ∩ λ + and τ i+1 ∩ λ + are at distance less than 3ǫ from each other inM , they are distance less than c(ǫ) from each other in λ + . A similar statement holds for τ i ∩ λ − and τ i+1 ∩ λ − . Therefore we can find a sequence of arcs α ± i in λ ± between these pairs of points. The circles
bound disks of bounded diameter which are transverse toF and whose intersection with λ is contained in the image of γ. These disks can be glued together to produce a proper map H : R + × I →M with the desired properties, such that the vertical fibers H(x, I) have length uniformly bounded by some function of ǫ. That is, uniformly bounded independently of γ. This proves the theorem. 
By compactness, we can cover λ ∪ S 1 ∞ with a finite number of open sets U i so that there are neighborhoods I i in L of λ with endpoints λ ± i with the property that
Notice that any open set U i whose closure in λ i is compact satisfies this property for some I i and some ǫ i ). But this implies λ is confined, by the symmetry of the confinement condition. 
Let λ ± be the endpoints of I.
, and therefore, if B t i (p i ) denotes the ball in λ of radius t i about p i , we have that
Suppose no such shrinking transversals τ i exist. Then infinitely many leaves α i (λ + ), α i (λ − ) are bounded away from q. It follows that lim sup α i (I) = J has non-empty interior. But by construction, the entire leaf through q is contained in a bounded neighborhood of the limit leaves of J. It follows that the leaf through q is confined, contrary to assumption. 
For a uniform foliation, every direction is confined. Since every direction on a confined leaf is confined, we can assume without loss of generality that F has no confined leaves. Theorem 4.2.1 shows that the set of confined directions is open in each leaf. Moreover, it shows that if p is a confined point in S 1 ∞ (λ), then for some open neighborhood U of p in λ ∪ S 1 ∞ (λ) and some neighborhood I ⊂ L with limits λ ± , the set U is contained in N ǫ (λ + ) ∩ N ǫ (λ − ) for some ǫ. It is clear that for any open V ∈ λ whose closure in λ is compact, we can replace U by U ∪ V after possibly increasing ǫ. It follows from lemma 2.2.2 that for some δ, N δ (U ) ∩ λ + contains an entire half-space in λ + , and similarly for λ − . Therefore if γ is a semi-infinite geodesic in λ emanating from v and converging to a confined point p, there is a geodesic γ + ∈ λ + which stays in a bounded neighborhood of γ.
By lemma 4.2.3 we see that the leaves λ, λ + , λ − all converge near U ∩ S 1 ∞ (λ). It follows that the geodesics γ and γ + are actually asymptotic, considered as properly embedded arcs inM . 
Transverse vector fields.
It is sometimes a technical advantage to choose a one-dimensional foliation transverse to F in order to unambiguously define holonomy transport of a transversal along some path in a leaf. We therefore develop some language and basic properties in this section.
Let X be a transverse vector field to F. Then X lifts to a transverse vector field X to F . Following Thurston, we make the following definition. Put another way, the integral curves of a regulating vector field in the universal cover map homeomorphically to L under φ. In fact, we will show in the sequel that every R-covered foliation admits a regulating transverse vector field. Definition 4.3.2. We say that a point p ∈ S 1 ∞ (λ) is confined with respect to X if for every sequence p i → p there is a t and a neighborhood I of λ in L such that the integral curves σ i ofX passing through p i with the property that φ(σ i ) = I satisfy σ i ≤ t. If no integral curve ofX passing through p i has the property that φ(σ i ) = I, we say that σ i = ∞. Theorem 4.3.1. Let X be a regulating transverse vector field. Then a point p ∈ S 1 ∞ (λ) is confined iff it is confined with respect to X. Proof: Confinement with respect to a vector field is a stronger property than mere confinement, so it suffices to show that a confined point is confined with respect to X.
Suppose we have neighborhoods U, I and a t as in Theorem 4.2.1. For a point p ∈M , let I p be the set of leaves which intersect the ball of radius t about p. Then the integral curve σ p ofX passing through p with φ(σ p ) = I p has length ||σ p || = f (p). This function is continuous in p, and depends only on the projection of p to M . Since M is compact, this function is bounded. It follows that if we have p i → p and transversals τ i through p i with ||τ i || < t that the transversals σ i through p i with endpoints on the same leaves as τ i have uniformly bounded length.
It is far from true that an arbitrary transverse vector field is regulating. However, the following is true. 
Proof:
This theorem follows as above once we observe that any transverse vector field regulates the ǫ-neighborhood of every leaf for some ǫ. For, by lemma 4.2.3 we know that leaves converge at infinity near confined points. It follows that by choosing U, I suitably for a confined point p, that integral curves ofX foliate N ǫ (U ) ∩ φ −1 (I) as a product, and that the length of these integral curves is uniformly bounded. Consequently, a sequence p i → p determines a sequence σ i of integral curves ofX with uniformly bounded length, and p is confined with respect to X, as required.
For uniform foliations F, every point at infinity is confined. However, for any vector field X which is not regulating, there are points at infinity which are unconfined with respect to X. For example, the skew R-covered foliations described in [9] and [26] have naturally defined transverse vector fields which are not regulating. Every point at infinity is confined, but there is a single point at infinity for each leaf inF which is unconfined with respect to the non-regulating vector field. We will come back to this example in the sequel.
4.4.
Fixed points in confined directions. Suppose in the remainder of this section that we have chosen some vector field X transverse to F, which lifts to X transverse to F .
If K denotes the closure of the set of fixed points for the action of π 1 (M ) on the cylinder C ∞ , then it follows that the group π 1 (M ) acts freely on the contractible manifold M ∪ (C ∞ − K). It would be pleasant to conclude that C ∞ − K is empty, since M is a K(π, 1). However the following example shows that things are not so simple.
Example: Let F be an R-covered foliation with some leaf λ homeomorphic to a cylinder. LetF be obtained by blowing up the leaf λ and perturbing the blown up leaves to be planes. Then this confined "pocket" of leaves gives rise to a disjoint union of cylinders at infinity, consisting entirely of confined directions, on which π 1 (M ) acts without any fixed points.
Fortunately, when every leaf is dense, we can say more about the action of π 1 (M ) on C ∞ . In particular, let S be any small rectangle contained in C. We can define the (leafwise) convex hull H(S) of S (or, generally of any closed subset of C) to be the set of points p ∈M such that if p ∈ λ, the visual angle of λ ∞ ∩ S as seen from p is ≥ π. If S had the property that the translates of S under π 1 (M ) were all disjoint, then the translates of the convex hull of S would also be disjoint, since there cannot be two disjoint closed arcs in a circle of angle ≥ π. The following lemma quantifies the notion that every leaf of F is dense in M . Figure 3 . A cylinder is blown up to a foliated cylinder ×I. Then all but the boundary leaves are perturbed to planes. This pocket of leaves lifts to the universal cover to give an annulus of confined directions at infinity without any confined fixed points. 
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Proof:
Observe that the such an R(p) exists for every such p ∈ M . Moreover, by taking a larger R(p) than necessary, we can find an R(p) that works in an open neighborhood of p. Therefore by compactness of M we can find a universal R by taking the maximum of R(p) over a finite open cover of M .
In particular, for every λ, the set π(λ ∩ H(S)) is dense in M . But now it follows that if τ ⊂ H(S) is any maximal integral curve of X, that there is some other maximal integral curve of X in H(S), call it τ ′ and some α ∈ π 1 (M ) so that α(τ ′ ) ⊂ τ . In particular, there is some α ∈ π 1 (M ) so that α(S)∩S is a rectangle which is strictly bounded in the vertical direction by the upper and lower sides of S. In particular, α fixes some horizontal leaf passing through the interior of S.
More generally, we prove Proof: Let R be any confined rectangle. In local co-ordinates, let R be given by the set |x| ≤ 1, |y| ≤ 1 where the horizontal and vertical foliations of C in this chart are given by level sets of y and x respectively. Let p ∈ ∂H(R) so that the visual angle of R is π as seen from p, and so that p is on the leaf pα( ) = Figure 4 . A sufficiently large disk about any point in any leaf is an ǫ-net for M . By going sufficiently far out towards C so that the vertical height of H(R) is small, we can find points p, q and α as in the figure. corresponding to y = 0. There is some positive ǫ so that, as seen from p, there are no unconfined points within visual angle ǫ of the extreme left and right edges of R. But now we can find a q such that the visual angle of R as seen from q is at least 2π − ǫ such that there is some α ∈ π 1 (M ) so that α(q) = p, and so that the integral curve of X ∩ H(R) through q is very small compared to the integral curve of X ∩ H(R) through p. Moreover, the fact that the visual angle of α(R), as seen from p is at least 2π − ǫ, and consists entirely of confined directions, implies that the rectangles α(R) and R must intersect "transversely"; that is to say, α(R) is defined in local co-ordinates by a < x < b, c < y < d where a < −1 < 1 < b and −1 < c < 0 < d < 1. For, otherwise, the union R∪α(R) would contain an entire circle at infinity, which circle could not contain any unconfined points, contrary to our assumption that no leaf is confined.
By two applications of the intermediate value theorem, it follows that α has some fixed point in R. Since R was arbitrary, it follows that confined fixed points are dense in C.
4.5.
Semi-confined points. We say that a point at infinity p is semiconfined if for all semi-infinite paths γ limiting to p, there is a transversal with one endpoint on the leaf through p which has holonomic images of bounded length along γ. If p is unconfined but still semi-confined, we say it is strictly semi-confined. Notice that the condition that p is unconfined implies that it can only be semi-confined on one side. It is clear from the definition that a semi-confined point can be a limit of unconfined points from only one side; that is, if p is a limit of unconfined points p i , then the leaves containing p i are all on the same side of p. We can actually prove the converse:
Lemma 4.5.1. Let p be unconfined. Then on each side of p which is not semi-confined, p is a limit of unconfined points p i . Proof: Let R be a small rectangle in C ∞ containing p, bounded above and below by S 1 ∞ (λ ± ) respectively. Let p lie on the leaf λ. Suppose without loss of generality that p is not semi-confined on the positive side. Then we can find a sequence of points q i → p in λ such that the shortest transversal τ i through q i whose endpoints lie on λ and λ + has length bounded between i and i + 1. By passing to a subsequence, we can find α i so that α i (q i ) converges to q. However, the rectangle R has visual angle → 2π as seen from q i . If R contains unconfined points above p, we are done, since R was arbitrary. Otherwise the unconfined points on the leaves between λ and λ + are constrained to lie outside R. As seen from q i , the visual angle of R converges to 2π, and the transversal between λ and λ + has length → ∞. Therefore the geometric limit of α i (R) is an infinite strip omitting exactly one horizontal line at infinity which contains all the unconfined points. It follows that C ∞ − C is a single bi-infinite line containing all the unconfined points, including p. In particular, p is a limit of unconfined points from above and below, which was to be shown in any case.
Let p be a confined fixed point of an element α ∈ π 1 (M ). Then the previous discussion gives us a very concrete picture of the dynamics of α on C. Let I be the weakly confined transversal in C containing p. Then if we restrict attention to the subset of C restricted to those leaves which intersect I, under the action of α, all points except those on I are attracted towards the unconfined fixed point q of α. In fact, the action of α acts as a contraction on both the horizontal foliation, and the vertical foliation, away from the leaf through p. We formalize this notion: Definition 4.5.1. Let C denote the closed cylinder S 1 × I, which has a horizontal foliation by circles, and a vertical foliation by intervals. We say that a function f : C → C is cylindrically hyperbolic if
• f preserves the vertical and horizontal foliations and their orientations • f is a homeomorphism onto its image • f preserves exactly two vertical leaves leafwise, moving all other vertical leaves away from one and towards the other • f preserves exactly one horizontal leaf, moving all other horizontal leaves towards it We call the attractive fixed point of f the center of f . 4.6. Spines and product structures on C ∞ . Definition 4.6.1. A π 1 -invariant bi-infinite curve Ψ ⊂ C ∞ intersecting every circle at infinity exactly once is called a spine.
Lemma 4.6.1. Suppose there exists a spine Ψ. Then for any unconfined point p ∈ C ∞ − Ψ and any pair of concentric rectangles S ⊂ R containing p and avoiding the spine, there is some α ∈ π 1 (M ) which takes the rectangle R properly inside S.
Proof: Let I be a fixed transversal passing through the leaf λ containing p. Then there is an l such that any ball in any leaf of radius l contains a translate of some point in I. Since p is unconfined, there is a sequence p i → p of points in λ such that the transversal with limits determined by S blows up to arbitrary length. Then we can find a p i so that the ball of radius l in the leaf about p i has the property that all transversals through this ball whose projection to L is equal to φ v (S) are of length > |I| on either side. For, the fact that F is R-covered and M is compact implies that for any lengths l ′ , t 1 there is a t 2 so that a transversal of length t 1 cannot blow up to length t 2 under holonomy transport of length ≤ l ′ (simply take the supremum of the lengths of holonomy transport of all transversals of length ≤ t 1 under all paths of length ≤ l ′ and apply compactness).
But now it follows that some translate of I intersects the ball of radius l in the leaf about p i in such a way that the translating element α maps the interval in leaf space delimited by R completely inside S. Furthermore, we can choose p i as above so that the visual angle of S seen from any point in the ball is at least 2π − ǫ. This, together with the fact that both R and α(R) are the same visual angle away from the spine, as viewed from I and α(I) respectively, imply that α(R) is properly contained in S and therefore has an unconfined fixed point q in S with the desired properties. 
Proof:
Let U = C ∞ − I. Then U is open and π 1 -invariant, and is therefore either empty or omits at most one point in a.e. circle at infinity, by theorem 3.3.2. In the second case, let τ be some transversal in the collection I. Then if I = φ v (τ ), it is clear that for every leaf λ ∈ I, S 1 ∞ (λ) ∩ U omits exactly the point S 1 ∞ (λ)∩τ . Taking a sequence of elements α i ∈ π 1 (M ) such that α i (I) → L, it is clear that τ ⊂ α i (τ ) and the union of these images of τ is a spine.
Theorem 4.6.3. For any R-covered foliation with hyperbolic leaves, not necessarily containing confined points at infinity, there are two natural maps
φ v : C ∞ → L, φ h : C ∞ → S 1 univ such that • φ v
is the projection to the leaf space • φ h is a homeomorphism for every circle at infinity • These functions give co-ordinates for C ∞ making it homeomorphic to a cylinder with a pair of complementary foliations in such a way that π 1 (M ) acts by homeomorphisms on this cylinder preserving both foliations Proof:
If F is uniform, any two leaves of F are quasi-isometrically embedded in the slab between them, which is itself quasi-isometric to H 2 . It follows that the circles at infinity of every leaf can be canonically identified with each other, producing the product structure required. Furthermore, it is obvious that the product structure can be extended over blow-ups of leaves. We therefore assume that F is not uniform and has no confined leaves.
Consider T , the union of weakly confined transversals. By lemma 4.6.2, the union of the T is either dense in C ∞ or there is a spine.
Suppose the union of the T is dense. We make the following definition:
2. An oriented arc τ ⊂ C ∞ transverse to the horizontal foliation and oriented upwards is an admissible trajectory if it does not cross any weakly confined transversal. An admissible trajectory τ is leftmost if no other admissible trajectory σ crosses the trajectory τ in the clockwise direction as it moves upwards.
For convenience, we refer to lefmost admissible trajectories simply as leftmost trajectories.
If a leftmost trajectory intersects a weakly confined transversal at some point, it must thereafter coincide with the weakly confined transversal in the positive direction, until the weakly confined transversal ends. Since weakly confined transversals are dense, there is a unique maximal leftmost trajectory emanating from any point p ∈ C ∞ . It follws that any two leftmost trajectories which agree at some point must agree thereafter.
Fix a leaf λ. There are some leftmost trajectories emanating from S 1 ∞ (λ) which do not run into each other in some small interval I = [λ, λ 1 ] in L. By corollary 2.4.2 we can blow up I by the action of π 1 (M ) to all of L, and therefore we see that for any interval [λ, µ] ⊂ L there are a pair of leftmost trajectories between S 1 ∞ (λ) and S 1 ∞ (µ) which do not run into each other.
We claim that leftmost trajectories never coincide. For, suppose τ, σ emanating from S 1 ∞ (λ) agree once they reach S 1 ∞ (µ). Without loss of generality, σ runs into τ from the anticlockwise direction. Then these arcs enclose an open triangle ∆ ⊂ C ∞ such that all leftmost trajectories intersecting ∆ must run into τ by the time they reach S 1 ∞ (µ). Let K = α∈π 1 (M ) α(∆). Then K is an open π 1 (M )-invariant subset of C ∞ , and therefore omits at most one point from a.e. circle in C ∞ . Suppose K contains an entire circle S 1 ∞ (ν). Then by compactness, there are a finite number of α i such that S 1 ∞ (ν) ⊂ i α i (∆). But then every leftmost trajectory emanating from S 1 ∞ (ν) is identified in finite time, which is impossible. It follows that K omits exactly one point from a.e. circle. A sequence of pairs of leftmost trajectories which do not co-incide for longer and longer periods of time must converge to an infinite ray in the complement of K, and therefore the complement of K is a spine.
Suppose now that there is a spine Ψ. Let Y be the vector field on F which points towards the spine with unit length. Observe Y descends to a vector field on F. Suppose that a periodic weakly expanding integral curve γ of Y exists. That is, there is α ∈ π 1 (M ) with α(γ) ⊂ γ. By periodicity, we can choose I as above so that α(I) ⊂ I. Then we claim every integral curve γ ′ of Y is uniformly weakly expanding. That is, the number δ above can be chosen independently of the integral curve, and there is a universal ǫ such that any interval I ⊂ L with the property that the shortest transversal τ through the initial point of γ ′ with φ(τ ) = I has τ > ǫ will have the properties required for the definition of a weakly expanding transversal.
To see this, let D be a fundamental domain for M centered around the initial point p of γ. Let R be a rectangle transverse to the integral curves of Y with top and bottom sides contained in leaves of F and φ v (R) = I such that D projects through integral curves of Y to a proper subset of R. Then projection through integral curves of Y takes the vertical sides of R properly inside the vertical sides of α(R), since the flow along Y shrinks distances in leaves. Furthermore, since α(I) ⊂ I, the top and bottom lines in R flow to horizontal lines which are above and below respectively the top and bottom lines of α(R)
Thus, holonomy transport of any vertical line in R through integral curves of Y keeps its length uniformly bounded below by some δ. For any interval J ⊂ L with φ(R) ⊂ L therefore, an integral curve of Y beginning at a point in D is weakly expanding for the interval J and for some universal δ as above. Since D is a fundamental domain, this proves the claim. By theorem 3.2.2 there is some point p ∈ C ∞ not on Ψ, a pair of leaves λ ± above and below the leaf λ containing p, and a sequence of points p i in λ converging to p such that the distance from p i to λ ± converges to 0. Let D be a disk in C ∞ about p. Then the visual angle of D, as seen from p i , converges to 2π. Moreover, there are a sequence of transversals τ i between λ ± passing through p i whose length converges to 0. It follows that for sufficiently large i, we can perturb p i to p ′ i so that there exists α i with
) and furthermore it must fix Ψ, since Ψ is invariant under every transformation. If the visual angle of D seen from p ′ i is at least 2π − ǫ where D is at least ǫ away from the spine, as seen from p 1 , then α i must also fix a point in D. It follows that the axis of α −1 i is a periodic weakly expanding curve. This implies, as we have pointed out, that every semi-infinite integral curve of Y is uniformly weakly expanding.
We show now that the fact that every integral curve of Y is uniformly weakly expanding is incompatible with the existence of unconfined points off the spine.
For, by lemma 4.6.1 the existence of an unconfined point q implies that there are α i fixing points at infinity near q which take a fixed disk containing q into arbitrarily small neighborhoods of q. This implies that as one goes out to infinity away from the spine along the axes of the α i that some transversal is blown up arbitrarily large. Conversely, this implies that going along these axes in the opposite direction -towards the spine -for any t, ǫ we can find shortest transversals of length ≥ t which are shrunk to transversals of length ≤ ǫ by flowing along Y . This contradicts the uniformly weakly expanding property of integral curves of Y . This contradiction implies that there are no unconfined points off the spine.
In either case, then we have shown that there are a dense set of vertical leaves in C between µ and λ. This lets us canonically identify the entire circles at infinity µ and λ. Since µ and λ were arbitrary, we can define φ h to be the canonical identification of every circle at infinity with S 1 ∞ (µ).
Remark 4.6.1. The identification of all the circles at infinity of every leaf with a single "universal" circle extends Thurston's leaf pocket theorem (see [25] ) for R-covered foliations. The universal circle produced in [25] is not necessarily canonically homeomorphic to every circle at infinity; rather, one is guaranteed a monotone map from this universal circle to the circle at infinity of each leaf.
4.7.
Spines and Solvmanifolds. It follows from theorem 4.6.3 that elements α ∈ π 1 (M ) fixing some confined point p act as a cylindrical contraction on some cylinder containing this fixed point, and with center q the unconfined fixed point of α on the same leaf as p.
Corollary 4.7.1. If every semi-confined point is confined, the unconfined points lie on a spine.
Proof:
Let R 1 be a closed rectangle containing some unconfined point p. We can find such an R 1 so that the left and right vertical edges of R are confined. Then if K 1 denotes the intersection of the unconfined points with R 1 , φ v (K 1 ) is a closed subset of an interval. Suppose it does not contain the entire interval. Then its image contains a limit point which is a limit of points from below but not from above. This pulls back to an unconfined point in R 1 , which point must necessarily be semi-confined, contrary to assumption. Hence φ v (K 1 ) is the entire closed interval. But R 1 was arbitrary, so by the density of vertical confined directions, we can take a sequence R i limiting in the Hausdorff sense to a single vertical interval containing p. Since φ v (K i ) is still the entire interval, it follows that the entire interval containing p is unconfined. As before, this is contained in a single bi-infinite vertical leaf of unconfined directions, and is therefore unique. Since p was arbitrary, the proof follows. 
Since leaves of F come close together as one goes out towards infinity in a confined direction, it follows that the map φ h is compatible with the projective structures on each circle at infinity coming from their identifications with the circle at infinity of H 2 . More explicitly, a transverse vector field X to F regulates a uniform neighborhood of any leaf. Transport along integral curves of X determines a quasi-conformal map between the subsets of two leaves λ and µ which are sufficiently close together, and the modulus of dilatation can be bounded in terms of the length of integral curves of X between the leaves. Since this length goes to 0 as we go off to infinity anywhere except the spine, the map is more and more conformal as we go off to infinity, and in fact is a 1-quasisymmetric map at infinity, away from the spine, and is therefore symmetric (see [20] or [21] ). Hence it preserves the projective structure on these circles.
It follows that π 1 (M ) acts as a group of projective transformations of (S 1 , * ), which is to say, as a group of similarities of R. For, given α ∈ π 1 (M ) and any leaf λ ∈F, the map α : λ → α(λ) is an isometry and therefore induces a projective map λ ∞ → (α(λ)) ∞ ; but φ v is projective on every circle at infinity, by the above discussion, and so φ v • α is a projective map from the universal circle at infinity to itself. There is a homomorphism to R given by logarithm of the distortion; the image of this is actually discrete, since it is just the translation length of the element acting on a leaf ofF , now identified with H 2 . Such translation lengths are certainly bounded away from 0 since M is a compact manifold and has a lower bound on its geodesic length spectrum. Hence we can take this homomorphism to Z. But the kernel of this homomorphism is abelian, so π 1 (M ) is solvable and M is a torus bundle over S 1 , as required.
It follows that we have proved the following theorem: • F is uniform.
• F is (isotopic to) the suspension foliation of the stable or unstable foliation of an Anosov automorphism of T 2 , and M is a Solvmanifold.
• F contains no confined leaves, but contains strictly semi-confined directions • F contains no confined directions. Remark 4.7.1. We note that in [26] , Thurston advertises a forthcoming paper in which he intends to prove that uniform foliations are geometric. We expect that the case of strictly semi-confined directions cannot occur; any such example must be quite bizarre. We make the following conjecture:
Conjecture: If an R-covered foliation has no confined leaves then it has no strictly semi-confined directions.
Remark 4.7.2. In fact, we do not even know the answer to the following question in point set topology: suppose a finitely generated group Γ acts by homeomorphisms on R and on S 1 . Let it act on the cylinder R × S 1 by the product action. Suppose K ⊂ R × S 1 is a minimal closed, invariant set for the action of Γ with the property that the projection to the R factor is 1 − 1 on a dense set of points. Does K contain the non-constant continuous image of an interval? Remark 4.7.3. Finally, we note that foliations with no confined directions do, in fact exist, even in atoroidal 3-manifolds. A construction is given in [2] .
Ruffled foliations
5.1.
Laminations. In this section we study ruffled foliations, and in particular their interactions with essential laminations.
We begin with some definitions that will be important to what follows.
Definition 5.1.1. A lamination in a 3-manifold is a foliation of a closed subset of M by 2-dimensional leaves. The complement of this closed subset falls into connected components, called complementary regions. A lamination is essential if it contains no spherical leaf or torus leaf bounding a solid torus, and furthermore if C is the closure (with respect to the path metric) of a complementary region, then C is irreducible and ∂C is both incompressible and end incompressible in C. Here an end compressing disk is an embedded (D 2 − (closed arc in ∂D 2 )) in C which is not properly isotopic rel ∂ in C to an embedding into a leaf. Finally, an essential lamination is genuine if it has some complementary region which is not an I-bundle.
Each complementary region falls into two pieces: the guts, which carry the essential topology of the complementary region, and the interstitial regions, which are just I bundles over non-compact surfaces, which get thinner and thinner as they go away from the guts. The interstitial regions meet the guts along annuli. Ideal polygons can be properly embedded in complementary regions, where the cusp neighborhoods of the ideal points run up the interstitial regions as I × R + . An end compressing disk is just a properly embedded monogon which is not isotopic rel ∂ into a leaf. See [16] or [14] for the basic properties of essential laminations.
Definition 5.1.2. A lamination of H 2 is an embedded collection of biinfinite geodesics which is closed as a subset of H 2 .
Definition 5.1.3. A lamination of a circle S 1 is a closed subset of the space of unordered pairs of distinct points in S 1 such that no two pairs link each other.
If we think of S 1 as the circle at infinity of H 2 , a lamination of S 1 gives rise to a lamination of H 2 , by joining each pair of points in S 1 by the unique geodesic in H 2 connecting them. A lamination Λ univ of S 1 univ invariant under the action of π 1 (M ) determines a lamination in each leaf of F, and the union of these laminations sweep out a lamination Λ of M which, by equivariance of the construction, covers a lamination Λ in M . By examining Λ one sees that Λ is genuine.
Invariant structures are vertical.
Definition 5.2.1. Let F be an R-covered foliation of M with dense hyperbolic leaves. If F is neither uniform nor the suspension foliation of an Anosov automorphism of a torus, then say F is ruffled.
The method of proof used in theorem 4.6.3 is quite general, and may be understood as showing that for a ruffled foliation, certain kinds of π 1 (M )-invariant structures at infinity must come from π 1 (M )-invariant structures on the universal circle S 1 univ . For, any group-invariant structure at infinity can be "blown up" by the action of π 1 (M ) so that it varies less and less from leaf to leaf. By extracting a limit, we can find a point p ∈ S 1 univ corresponding to a vertical leaf in C ∞ where the structure is constant. Either this vertical leaf is unique, in which case it is a spine and M is Solv, or the orbit of p is dense in S 1 univ by theorem 3.3.2 and our structure is constant along all vertical leaves in C ∞ -that is, it comes from an invariant structure on S 1 univ . We can make this precise as follows:
Lemma 5.2.1. Let F be a ruffled foliation, and let I be an embedded collection of transverse arcs in C ∞ . Then I is vertical: that is, the arcs in I are contained in the vertical foliation of C ∞ by preimages of points in S 1 univ .
Proof:
The closure of the arcs in I are dense in C ∞ , since otherwise C ∞ would contain an invariant spine, contrary to the definition of a ruffled foliation.
Call an oriented transversal τ to the horizontal foliation of C ∞ admissible with respect to I if it moves in the positive direction in L, and never crosses any I ∈ I in the clockwise direction; call it leftmost if no admissible trajectory σ crosses τ in the clockwise direction.
Leftmost admissible trajectories with respect to I never run into each other or else we could find an invariant spine, which contradicts the condition that F is ruffled. It follows that they foliate C ∞ by an invariant foliation F I transverse to the circles S 1 ∞ (λ). We claim that this foliation agrees with the vertical foliation by preimages of points in S 1 univ under φ −1
h . For otherwise let J be the subset of F I which twists anticlockwise with respect to the vertical foliation of C ∞ . Define J -admissible trajectories to be those which are leftmost with respect to the property of never crossing vertical lines clockwise and never crossing J clockwise. One sees that if J is nonempty, J -admissible trajectories are not distinct for all time, and therefore we can construct a spine for C ∞ . This contradiction shows that J is empty; similarly, no subset of F I twists clockwise with respect to the vertical foliation of C ∞ . It follows that F I agrees precisely with the vertical foliation of C ∞ , and I was vertical, as required. 
Let λ be a leaf of Λ. Then λ intersects leaves of F in quasigeodesics whose endpoints determines a pair of transverse curves in C ∞ . By lemma 5.2.1, these transverse curves are actually leaves of the vertical foliation of C ∞ , and therefore each leaf of Λ comes from a leaf of a π 1 (M )-invariant lamination of S 1 univ .
If Λ is transverse to F but does not intersect quasigeodesically, we can nevertheless make the argument above work, except in extreme cases. For, if µ is a leaf of F and λ is a leaf of Λ such that µ ∩ λ = α, then we can look at the subsets α ± of S 1 ∞ (µ) determined by the two ends of α. If these are both proper subsets, we can "straighten" α to a geodesic α running between the two most anticlockwise points in α ± . This straightens Λ to Λ which intersects F geodesically. Of course, we may have collapsed Λ somewhat in this process.
Constructing invariant laminations.
In this section we show that for M atoroidal and F ruffled, there exist a pair of essential laminations Λ ± with solid toroidal complementary regions which intersect each other and F transversely, and whose intersection with F is geodesic. By theorem 5.2.2 such laminations must come from a pair of transverse invariant laminations of S 1 univ , but this is actually the method by which we construct them. Definition 5.3.1. A quadrilateral is an ordered 4-tuple of points in S 1 which bounds an embedded ideal rectangle in H 2 . Definition 5.3.2. A group of homeomorphisms of S 1 is renormalizable if for any sequence of quadrilaterals R i with moduli bounded whose vertices do not escape to infinity, such that there exists a sequence α i ∈ Γ with modulus of α i (R i ) going to infinity, there is another sequence β i such that the modulus of β i α i (R i ) goes to infinity and the quadrilaterals β i α i (R i ) have a subsequence whose points converge in pairs to distinct points in S 1 . See [20] for the definition of the modulus of a quadrilateral and a discussion of its relation to quasiconformality and quasi-symmetry.
A sketch of the following two lemmas were communicated to the author by Thurston in [29] .
Lemma 5.3.1 (Thurston) . Let Γ be a renormalizable group of homeomorphisms of S 1 . Then one of the following alternatives must hold:
• Γ is conjugate to a subgroup of P SL(2, R).
• Some α ∈ Γ is topologically pseudo-Anosov.
• There is some invariant lamination of S 1 .
Proof:
By the convergence group theorem (see [4] or [12] ), if Γ is uniformly quasisymmetric (for some choice of symmetric structure on S 1 ) and discrete, then it is conjugate to a Fuchsian group. If it is indiscrete but uniformly quasisymmetric, its closure in the group of homeomorphisms of S 1 is actually a Lie group and can be shown to be conjugate to a subgroup of P SL(2, R), as in [19] .
Otherwise we may assume that Γ is not uniformly quasisymmetric. It follows that there are quadrilaterals in S 1 with bounded moduli whose moduli under the action of some elements in Γ goes to infinity. That is to say, there are rectangles which are long and skinny, which are taken to rectangles which are very short and fat. Since Γ is renormalizable, we may assume we have a fixed quadrilateral R = {x 1 , x 2 , x 3 , x 4 } and a sequence α i ∈ Γ such that x 1 , x 2 → t and x 3 , x 4 → b where t, b are distinct points in S 1 . We can find t ± and b ± points very close to t, b and form the quadrilateral S = {t ± , b ± }. We choose t ± so that they contain the image of infinitely many α i {x 1 , x 2 } and b ± similarly. The sequence α i (x j ). Let l i be a sequence of points between x 1 and y 1 converging to y 1 , and r i a sequence between x 2 and y 2 converging to y 2 . Now if D i = {y 1 , l i , r i , y 2 } it follows that lim j→∞ α j (D i ) converges to the triangle with vertices t + , t, t − . After renormalization, we can find a subsequence β j such that lim j→∞ β j (D j ) converges to a pair of points t ′ , b ′ .
In short, in either case we have a sequence of quadrilaterals Let γ be the geodesic joining r to l and δ the geodesic joining t to b. If some translates α 1 (γ) and α 2 (δ) cross, we can find a β i such that α 2 β i α −1 1 is topologically pseudo-Anosov.
Otherwise the translates of γ avoid the translates of δ. Call the translates of γ thin and the translates of δ fat. Suppose some translate αδ crosses δ. Then for some sufficiently large i, β −1 i αδ comes very close to γ. It follows that no translate of γ can cross γ, or else it would cross β −1 i αδ for some large i, and we could find an element which was topologically pseudo-Anosov. 
Let p, q be the endpoints of γ. Suppose that for some β we have β(γ) intersects γ. By the hypothesis that p, q are weakly attracting, there are a pair of neighborhoods I, J of p, q with α(I) ⊂ I and α(J) ⊂ J such that β(γ) avoids I, J. Of course α has no fixed points in L, so we may assume it translates L in the positive direction. Let C be the plane in M swept out by the geodesics in each leaf corresponding to γ. Then C covers a cylinder C in M . We trace out the line of intersection of C with β( C) in the positive direction. Then by pulling back this intersection by iterates α −n for n → ∞ we see that α −n β(γ) also avoid I and J and therefore the line of intersection has to stay in a compact region of C under the projection to M . But this is only possible if this line is periodic -i.e. if it projects to a circle in C. However, this constrains β(p), β(q) to lie on periodic points of α. It follows that the group generated by α and β is subject to the relation
for some n, m = 0. Since F is co-orientable, we have both n and m positive. It follows that β permutes the intervals in S 1 univ on which α acts as a clockwise (resp. anticlockwise) rotation. But this means that β must fix the four large intervals between I, J, β(I), β(J) which is absurd, since by definition β takes I, J off themselves.
This contradiction completes the proof of the lemma. 
Let A denote the collection of annuli bounding interstitial regions of some complementary region N of M to Λ. Then each annulus A in A lifts either to some collection of bi-infinite strips or to a collection of annuli bounding I-bundles over compact disks. These latter pieces can be added to the guts and the inessetial annuli thrown away, so that every annulus lifts to a collection of infinite strips. Let A be a lift of A, which projects to A under some covering transformation α. A runs between two leaves λ, µ of Λ whose intersections with any leaf ν of F are a pair of geodesics. It follows that α must translate A in a coherent direction in L, so that we can straighten a fundamental strip to be transverse to F. Since the diameter of A is bounded above and below at every point, there are 0 < ǫ < δ such that the intersection of A with µ and λ in ν are in the compact portion of µ ∩ ν and λ ∩ ν which are at distance between ǫ and δ from each other. This determines a compact region of each leaf of ν, which does not limit to any point in C ∞ as we vary ν in L. It follows that A cannot escape to any point in C ∞ and its core must be regulating. Proof: Suppose A runs between leaves µ, λ of Λ which do not enclose a cusp. Let ν be a leaf of F, and let γ 1 , γ 2 be the two geodesic intersections of µ, λ with ν. If γ 1 , γ 2 do not share an endpoint at infinity, then there is a geodesic γ which enters the interstitial region bounded by A and thereafter diverges from both γ 1 and γ 2 . Such a geodesic is eventually very far away from both γ 1 and γ 2 . Since leaves of ruffled folations are uniformly properly embedded, such a geodesic is eventually very far away from both µ and λ in M . But interstitial regions in M have uniformly bounded injectivity radius, which gives us a contradiction. It follows that γ 1 and γ 2 are asymptotic at infinity. Let N be some gut region in M . Its boundary is transverse to F, and therefore inherits a non-singular foliation. Consequently it is a torus or klein bottle; co-orientability of F and orientability of M implies that the boundary is a torus. If M is atoroidal, this torus must be compressible, and it easily follows that this gut region is a solid torus, and the complementary region to Λ is an ideal polygon bundle over S 1 .
With this technology under our belt, we now go about producing a pair of transverse geodesic laminations as promised at the start of the section. • The complementary regions to Λ ± are ideal polygon bundles over S 1 .
• Consider the action of π 1 (M ) on S 1 univ . Give S 1 univ the symmetric structure that comes by identifying it with any S 1 ∞ (λ). We claim that action of π 1 (M ) on S 1 univ is renormalizable. For, suppose {a, b, c, d} is a quadruple of points in S 1 ∞ (λ) with modulus < ǫ, and suppose that after identifying S 1 ∞ (λ) with S 1 ∞ (µ) for some µ that the corresponding quadruple of points {x, y, z, w} in S 1 ∞ (µ) have modulus > 1/ǫ. Then we can find an element α ∈ π 1 (M ) taking a point p ∈ µ very near the center of the rectangle {x, y, z, w} to a point on a leaf near λ very close to the center of the rectangle {a, b, c, d}. The comparison between αµ and λ nearly preserves the moduli of {a, b, c, d} and α({x, y, z, w}), since p is chosen close to the center of {a, b, c, d}. It follows that the non-uniformity of quasiconformality is visible from a fixed point in M , and therefore that the action is renormalizable.
Suppose that no element of π 1 (M ) acts on the leaf space without fixed points. Then every element of π 1 (M ) acts on the universal circle S 1 univ by an element topologically conjugate to something in P SL(2, R), since every circle at infinity is canonically identified with S 1 univ . After applying lemma 5.3.1 and lemma 5.3.2 we see that either there is an invariant lamination Λ for the action, or M is Seifert-fibered or Solv; we can find a regulating transverse torus in the latter case.
We will actually show that some element α ∈ π 1 (M ) must be topologically pseudo-Anosov in its action on S 1 univ .
We inherit the notation from lemma 5.3.1 and assume we have a sequence of quadrilaterals S i with moduli going to 0 which degenerates to γ and a sequence β i such that the moduli of β i (S i ) goes to infinity, and the sequence degenerates to δ. The translates of γ and δ form a pair of invariant laminations Λ ± of S 1 univ , which we are assuming do not cross each other anywhere. Since any invariant lamination of S 1 univ has finite area complementary regions, any two minimal lamination contained in Λ ± must actually be equal. We therefore assume Λ + = Λ − is minimal.
By theorem 5.3.5, for each leaf λ of F , the geodesic lamination λ ∩ Λ has finite area complementary domains. This region has a well-defined center of gravity which sweeps out a curve transverse to F . By construction, this curve cannot accumulate under its projection ot M and must therefore cover a closed curve in M , the core of a gut region.
The modulus of such a finite-area complementary domain D can only vary a bounded amount as it sweeps out a solid cylinder in M , since it covers a compact family of such ideal polygons in M . It follows that if R = {x, y, z, w} where x, y are separated from z, w by a pair of non-adjacent sides of D, then there is no sequence α i such that α i (x) and α i (w) converge to some p and α i (y), α i (z) converge to q, since the modulus of α i (R) can be bounded above by the modulus of a subquadrilateral of D. By relabelling a sequence α i (S j ) as S i , we can produce a new sequence of quadrilaterals S i with modulus → 0 and a new sequence β i such that the modulus of β i (S i ) goes to infinity, where γ = δ = κ. By minimality, κ is not isolated on the side outside D. There are a couple of special cases to consider, depending on how t i 1 , t i 2 , t i 3 , t i 4 are separated from each other by κ, but one easily sees that any pattern of separation leads to some image of κ intersecting either κ or some leaf near to it, thereby violating the assumption of embeddedness.
Remark 5.3.1. In [13] , Gabai poses the general problem of studying when 3-manifold group actions on order trees "come from" essential laminations in the manifold. He further suggests that an interesting case to study is the one in which the order tree in question is R. The previous theorem, together with the structure theorems from earlier sections, provide a collection of non-trivial conditions that an action of π 1 (M ) on R must satisfy to have come from an action on the leaf space of a foliation. We consider it a very interesting question to formulate (even conjecturally) a list of properties that a good "realization theorem" should require. We propose the following related questions as being perhaps more accessible:
Fix an R-covered foliation of M and consider the associated action of π 1 (M ) on R, the leaf space of the foliation in the universal cover.
• Is this action conjugate to a Lipschitz action?
• Are leaves in the foliation F at most exponentially distorted?
• Does an R-covered foliation admit a transverse regulating pseudoAnosov flow whose flowlines in M are quasigeodesically embedded? We remark that the construction in [2] allows us to embed any finitely generated subgroup of Homeo(S 1 ) in the image of π 1 (M ) in Homeo(R) for some R-covered foliation. In fact, we can take any finite collection of irrationally related numbers t 1 , . . . t n , any collection of finitely generated subgroups of
) -the group of homeomorphisms of R which are periodic with period t i -and consider the group they all generate in Homeo(R). Then this group can be embedded in the image of π 1 (M ) in Homeo(R) for some R-covered foliation of M , for some M . Probably M can be chosen in each case to be hyperbolic, by the method of [2] , but we have not checked all the details of this. 
The laminations Λ ± univ bind S 1 univ with compact polygonal complementary domains. We can therefore canonically identify the points of intersection of leaves of Λ ± with each other as we vary from leaf to leaf of F. These identifications can be extended over complementary arcs in Λ ± ∩ F by parameterizing these arcs by arclength, and then over the complementary polygonal domains, by coning the identifications on their boundaries to the centers of gravity. This gives us a canonical π 1 (M )-equivariant identification of any two leaves of F, and the fibers of this identification give a 1-dimensional regulating foliation transverse to F. This descends to a 1-dimensional foliation on F, and X can be chosen as a section of its tangent bundle.
Remark 5.3.2. If M is Seifert-fibered, any R-covered foliation is uniform, and uniform foliations are known to admit transverse regulating vector fields. Similarly, the suspension foliations of Solvmanifolds admit transverse regulating vector fields. If M admits a transverse torus, this torus is regulating -that is, it lifts to a plane in M which intersects every leaf in a properly embedded arc. For, otherwise let T be the torus in question, and T a lift to M , and let α, β ∈ π 1 (M ) correspond to a lift of π 1 (T ). Then if T is not regulating, φ v (T ) has either a supremum or an infimum which is fixed by both α and β. But then this Z ⊕ Z acts on a single leaf, which is absurd since M is closed. It does not follow that there is an induced R-covered foliation on the components of the manifold obtained by cutting open M along T and gluing in a solid torus, since the restriction of F to T might not be the standard foliation of a torus by circles. But one can work just as well with R-covered foliations of cusped manifolds. The technology that we have developed transfers across to this case. It follows by induction that theorem 5.3.7 applies to all R-covered foliations with hyperbolic leaves, not just to those of atoroidal 3-manifolds.
Remark 5.3.3. A regulating vector field integrates to a 1-dimensional foliation which lifts in the universal cover to the product foliation of R 3 by vertical copies of R. Such a foliation is called product covered in [6] where they are used to study the question of when an immersed surface is a virtual fiber. It is tautological from the definition of a product covered foliation that there is an associated slithering of M over R 2 . One may ask about the quality of the associated representation π 1 (M ) → Homeo(R 2 ). 
Let Λ t be one of the two canonical geodesic laminations constructed from F t in theorem 5.3.6. By theorem 5.2.2 we know that for s, t close enough, Λ t intersects F s quasigeodesically, and therefore comes from an invariant lamination of (S 1 univ ) s . This gives a canonical, equivariant identification of (S 1 univ ) s and (S 1 univ ) t . Since the laminations Λ ± t are canonically constructed from the action of π 1 (M ) on the universal circle of F t , the fact that these actions are all conjugate implies that the laminations too are invariant.
Remark 5.3.4. Thurston has sketched a construction of a universal circle and a pair of transverse laminations intersecting leaves geodesically for any taut foliation of an atoroidal M , see [27] . If an R-covered foliation is perturbed to a non-R-covered foliation, nevertheless this lamination stays transverse for small perturbations, and therefore the action of π 1 (M ) on the universal circle of the taut foliation is the same as the action on S 1 univ of the Rcovered foliation. This may give a criteria for a ruffled foliation to be a limit of non-R-covered foliations.
One wonders whether every taut foliation of an atoroidal manifold M is homotopic, as a 2-plane field, to an R-covered foliation.
Remark 5.3.5. The complementary regions to the essential lamination that we produce in M are all homeomorphic to R 2 × S 1 , since they are covered by regions in M of the form {open finite area ideal polygon} × R and the action of the stabilizer of this region in π 1 (M ) must preserve the core {center of polygon} × R It follows that the lamination in M satisfies the technical conditions necessary to prove the main theorem of Gabai and Kazez in [14] . That is, we have Proof: We have shown a ruffled foliation of an atoroidal manifold admits a transverse lamination with some complementary region a non I-bundle open solid torus. A similar lamination is constructed transverse to a uniform foliation in [26] . Then the corollary follows from the main result of [14] .
Note that it is not enough to know that F admits a transverse lamination, even one coming from an invariant lamination of S 1 univ . We also need to know that complementary regions in each leaf of F have finite area. Remark 5.3.6. Sérgio Fenley has proved many of the results in this section independently, by slightly different methods, using the canonical product structure on C ∞ constructed in theorem 4.6.3. Furthermore, we understand that he has gone on to show that the flow constructed in theorem 5.3.7 can be perturbed to be pseudo-Anosov. This work should appear in a forthcoming paper.
5.4.
Are R-covered foliations geometric? In 1996, W. Thurston outlined an ambitious and far-reaching program to prove that 3-manifolds admitting taut foliations are geometric. Speaking very vaguely, the idea is to duplicate the proof of geometrization for Haken manifolds as outlined in [23] , [24] and [28] by developing the analogue of a quasi-Fuchsian deformation theory for leaves of such a foliation, and by setting up a dynamical system on such a deformation space which would find a hyperbolic structure on the foliated manifold, or find a topological obstruction if one existed. This paper may be seen as foundational to such a program for geometrizing R-covered foliations. In [8] it is shown that for R-covered foliations of Gromov-hyperbolic 3-manifolds, leaves in the universal cover limit to the entire sphere at infinity. This is evidence that R-covered foliations behave geometrically somewhat like surface bundles over circles. This suggests the following strategy, obviously modeled after [28] :
• Pick a leaf λ in F, and an element α ∈ π 1 (M ) which acts on L without fixed points. Then the images α n (λ) for −∞ < n < ∞ go off to infinity in L in either direction.
• We can glue λ to α n (λ) along their mutual circles at infinity by the identification of either with S 1 univ to get a topological S 2 . We would like to "uniformize" this S 2 to get CP 1 .
• Let X be a regulating transverse vector field. This determines a map φ n from λ to α n (λ) by identifying points which lie on the same integral curve ofX.
• The map φ n is uniformly quasi-isometric on regions where λ and α n (λ) are close, but cannot be guaranteed to be uniformly quasi-isometric on all of λ, and probably is not so. By comparing the conformal structure on λ and α n (λ) we get a Beltrami differential µ n dz dz which is not necessarily in B(H) 1 . Nevertheless, the fact that λ and α n (λ) are asymptotic at infinity in almost every direction encourages one to hope that one has enough geometric control to construct a uniformizing homeomorphism of S 2 to CP 1 with prescribed Beltrami differential.
• Taking a sequence of such uniformizing maps corresponding to differentials µ n with n → ∞ one hopes to show that there is a convergence S 1 univ → S 2 geometrically. Then the action of π 1 (M ) on S 1 univ will extend to S 2 since the map S 1 univ → S 2 is canonical and therefore π 1 (M )-equivariant. Does this action give a representation in P SL(2, C)?
• Group-theoretically, we can use X to let π 1 (M ) act on any given leaf λ of F. π 1 (M ) therefore acts on λ ∪ α n (λ) and so on CP 1 . We can use the barycentric extension map of Douady and Earle to extend this to a map of H 3 to itself. We hope that some of the powerful technology developed by McMullen in [22] can be used to show that this action is nearly isometric deep in the convex hull of the image of S 1 univ , and perhaps a genuine isometric action can be extracted in the limit. We stress that this outline borrows heavily from Thurston's strategy to prove that manifolds admitting uniform foliations are geometric, as communicated to the author in several private communications. In fact, the hope that one might generalize this strategy to R-covered foliations was our original motivation for undertaking this research, and it has obviously greatly influenced our choice of subject and approach.
